We study renormalization group running effects on neutrino mixing patterns when a (type I) seesaw model is implemented by suitable flavour symmetries. We are particularly interested in mass-independent mixing patterns to which the widely studied tribimaximal mixing pattern belongs. In this class of flavour models, the running contribution from neutrino Yukawa coupling, which is generally dominant at energies above the seesaw threshold, can be absorbed by a small shift on neutrino mass eigenvalues leaving mixing angles unchanged. Consequently, in the whole running energy range, the change in mixing angles is due to the contribution coming from charged lepton sector. Subsequently, we analyze in detail these effects in an explicit flavour model for tribimaximal neutrino mixing based on an A 4 discrete symmetry group. We find that for normally ordered light neutrinos, the tribimaximal prediction is essentially stable under renormalization group evolution. On the other hand, in the case of inverted hierarchy, the deviation of the solar angle from its TB value can be large depending on mass degeneracy.
Introduction
The seesaw mechanism [1] explains the lightness of left-handed (LH) neutrinos in a simple and elegant way. However, the seesaw models usually contain many more parameters than low energy observables. In order to economically describe the neutrino oscillations, new ingredients are needed: the introduction of a horizontal symmetry could improve the situation and indeed many examples of this kind are present in literature. A common feature of these models is to provide a description of neutrino masses and mixings only at a very high energy scale. On the other hand, for a comparison of experimental results with the high energy predictions from flavour symmetries, it is important to evolve the observables to low energies through renormalization group (RG) running. In general the deviations from high energy values due to the RG running consist in minor corrections, but the future improvements of neutrino experiments could hopefully bring the precision down to these small quantities.
In the MSSM context, the RG effect on the light neutrino mass operator m ν in the leading Log approximation can approximately be parametrized as m ν (lower Energy) = I U J T e J T ν m ν (higher Energy) J ν J e where I U is a universal contribution, J e , that is proportional to Y † e Y e with Y e the charged Yukawa coupling, is always flavour dependent and, J ν may depend on flavour or not. The running contributions to m ν from J e are similar to those below the lightest righthanded (RH) neutrino mass and it is as known well under control. In fact large RG effects can be expected only in the case of a degenerate light neutrino spectrum or for large values of tan β [2] . The running contribution from J ν , however, is generally more complicated depending non-trivially on the neutrino Yukawa coupling Y ν . Moreover, the last contribution can even be the dominant one since Y ν is expected to be of order one [3] . Similar conclusions can be driven in the SM context, when assuming a flavour origin of the neutrino mass term m ν . In seesaw models implemented by flavour symmetries, Y ν is usually subject to constraints in order to efficiently describe the observed neutrino mixing structure. We should expect that these constraints have also some important impacts on running effects. In this paper, we will show that, under quite general assumptions, flavour symmetries imply a J ν contribution which has not effects on mixing angles. As a consequence even including energy ranges above and between the RH neutrino scales, the contribution from the charged lepton Yukawa coupling J e on mixing patterns dominates.
In the first part of the paper, we will describe, in a very general context, two kinds of interesting constraints on Y ν from flavour symmetries and then analyze their impact on running effects. We first consider flavour models in which Y ν is proportional to a unitary matrix. It is the case, for example, when the RH singlet neutrinos or the charged leptons are in a irreducible representation of the flavour group G f .
Then we extend this constraint to a more general class of flavour models in which the mixing textures are independent from the mass eigenstates. As a general result, we find that in this class of models, the effect of J ν can always be absorbed by a small shift on neutrino mass eigenvalues and the mixing angles remain unchanged. This conclusion is, in particular, independent both from the specific mixing pattern implied by the flavour symmetry and the basis where we are working.
Mass-independent mixing textures usually exhibit a underlying discrete symmetry nature. For example, the tribimaximal (TB) mixing pattern [4] which is defined by
belongs to this class of mixing textures. TB mixing pattern, widely studied in the last years, provides a very simple first order description of the existing oscillation data [5] [6] [7] . In fact, it has been realized that the TB mixing matrix of eq. (1) can naturally arise as the result of a particular vacuum alignment of scalars that break spontaneously certain discrete flavour symmetries. A class of economical flavour models which can naturally explains TB mixing is based on A 4 discrete symmetry [8] [9] [10, 11] . Subsequently the symmetry group A 4 has also been extended to the group T ′ [12] and S 4 [13, 14] to cover a reasonable description also for quarks. Another important historical example of massindependent mixing scheme is the bimaximal (BM) mixing (see [15] for a recent revival of BM in the context of the discrete symmetry S 4 and for an up-to-date list of references). The running effects on BM [16] and TB [17] mixing patterns have already been studied in literature without, however, consider an explicit realization based on flavour symmetry.
Then, as an explicit example, in the second part of the paper, we describe in detail the RG effects on the TB mixing texture in the lepton flavour model proposed by AltarelliFeruglio (AF) [8] . At leading order, this model contains less parameters than the case of a general TB pattern considered in [17] . Then our result may not a priori reproduce the same results obtain in [17] . In our analysis, the RG corrections to mixing angles and the phases are discussed as functions of the lightest neutrino mass and the type of spectrum. The analysis has been performed both in the Standard Model (SM) framework and the its minimal SUSY extension (MSSM).
The outline of the paper is organized as follows. In section 2, we analytically discuss the RG effects on the neutrino mass operator m ν in a type I seesaw model. In section 3, we characterize two general classes of flavour models in which J ν has no effects on mixing angles. Then we turn to RG effects from J e on TB mixing pattern. In section 4 we introduce the AF model and show its main features including also the next-to-leading (NLO) contributions coming from higher dimensional operators. In section 5, a more detailed numerical analysis on the impact of RG running in the AF model is given. The result has been compared also with the NLO contributions. In the end in section 6 we conclude summarizing our main results.
RG effects on neutrino mass operator m ν
In this section we begin to analyze, in a general context, the RG equations for neutrino masses below and above the seesaw threshold, both in the SM and in MSSM extended with three right-handed neutrinos. For definiteness, we consider the following lagrangian † e Y e dt .
Finally, J ν is the contribution from the neutrino Yukawa coupling
where also here we have extended the definition of
Y ν with Y ν in order to include the range between Λ and M L . Differently from J e , J ν can be flavour-dependent or not.
In the SM context, the RG effect does not factorize, due to the different RG evolution of (n) κ and
Y ν between the seesaw mass thresholds. However eq. (18) applies also to the SM context when m ν is a result of a flavour symmetry: in this case, by a suitable redefinition of the mass eigenvalues, the sum
Y ν after the RG evolution has exactly the same flavour structure of m ν (higher Energy) . For the purposes of the present discussion we simply assume that eq. (18) is valid also in the SM context and an explicit example will be proposed in section 3.3.
Expanded J e and J ν in Taylor series and summing up (18) on several energy ranges one can approximately calculate the neutrino mass at low energy as
where the low energy scale λ is m Z in the case of SM and m SUSY for MSSM. The explicit form of the universal part I U is given by:
is the the contribution from J e and can easily be calculated as:
where the small parameter ∆ τ is given by
where tan β is the ratio between the VEVs of the neutral spin zero components of h u and h d , the two doublets responsible for electroweak symmetry breaking in the MSSM. On the other hand, the contribution from J ν , ∆m
, non trivially depends on the neutrino Yukawa coupling Y ν which cannot be determined by low energy observables without additional ingredients. In section 3, we will analyze strong impacts of the flavour symmetries on J ν . But before proceeding, we can first give a naive estimate of various running contributions to neutrino mass.
Naive numerical estimate
Here we numerically estimate the contributions of running, encoded in ∆m ν , above the seesaw scales (∆m ν(high) ), those between the seesaw scales (∆m ν(seesaw) ) and below the seesaw scales (∆m ν(low) ) on the light neutrino mass matrix. One should expect that the mixing angles will be affected by the same quantities. We assume that flavour symmetries have not effects on Y ν and then, without cancellations,
We can conclude that both in the SM and the MSSM, the contribution from J ν always dominates over ∆m ν(low) even for large tan β (we consider tan β = 60 as the maximal value). The previous naive estimate for RG effects on the neutrino mass operator, however, cannot always be transfered to the change in mixing angles ∆θ ij for a particular model building. Indeed, as we will see in a moment, quite frequently flavour symmetries imply a J ν which is flavour-independent or has no effects on mixing angles. If it is the case, the situation changes drastically: even if ∆m ν(low) can still be dominated by ∆m ν(seesaw) , ∆θ ij(low) should dominates over ∆θ ij(seesaw) .
Flavour symmetries and RGE effects
In the present section, we will apply the general results of the RG evolution of the neutrino mass operator m ν to models beyond the Standard Model, where a flavour symmetry is added to the gauge group of the SM. The main aim is to track some interesting connections between the running effects and how the flavour symmetry is realized in nature.
In a given basis, Y † e Y e and m ν can be diagonalised by unitary matrices, U e and U ν , respectively. The lepton mixing matrix is given by U PMNS = U † e U ν . The analysis of how U PMNS changes with the RG running has already extensively performed [2] in the context of SM and MSSM. On the other hand, only few studies [3] are present in literature considering the presence of additional RH neutrinos, which originate the type I seesaw mechanism. Here we develop a general RG analysis for seesaw models in which the lepton mixing matrix U PMNS is dictated by a flavour symmetry G f . It is a common feature in flavour model building that G f must be spontaneously broken in order to naturally describe fermion masses and mixings, as we will see in section 4. Here, we simply assume that G f is spontaneously broken by a set of flavon fields Φ at a very high scale. The symmetry group can be discrete or continuous, global or local (or even a combination of them). Suppose that, at leading order, the neutrino mixing matrix is given by U 0 which differs from U PMNS by subleading contributions ∼ Φ /Λ f where Λ f is the cutoff scale of the flavour symmetry G f . We will begin with some general assumptions on U 0 without however specifying its form. Then we will move to specialize in a concrete case in which U 0 is given by the TB mixing pattern.
Running effects on neutrino mixing patterns
As described in Sec. (2) 
From now on, we will use v in the notation of the SM and in order to convert similar expressions to the MSSM, it is sufficient to substitute v with v u,d , when dealing with neutrinos or charged leptons, respectively. Naturally, this simple form should change when evolving down to low energies. The running effect of Y † e Y e on m ν is of second order and we can safely forget it. However it can generate a non trivial U e and consequently introduces additional corrections to U PMNS . We will return to this effect in section 3.2.
Since flavour symmetries impose constraints on Y ν , they should have some impacts also on running effects. In this paper we are interested in two classes of constraints. The first class is characterized by Y ν proportional to a unitary matrix and in the second one we assume that m ν can be exactly diagonalized by U 0 according tô
wherem ν = diag(m 1 , m 2 , m 3 ) with m i positive and U 0 is a mass-independent mixing pattern enforced by the flavour symmetry G f . Independently from the way G f is broken, we will show that, in this second case, the neutrino Yukawa coupling in the basis of diagonal RH Majorana neutrinos, which we indicate asŶ ν , has the following simple form
where
As already pointed out, Y † ν Y ν plays an important role in determining the running effect on m ν . In the case of a Y ν proportional to a unitary matrix the study of RG evolutions becomes quite simple.
ν ∼ ½ is quite frequent in the presence of a flavour symmetry. It is, for example, a consequence of the first Schur's lemma when ℓ or ν c transforms in a irreducible representation of the group G f [19] .
Between the energy scales Λ f and M L one has J ν ∝ ½ then its contribution to m ν is
global. Now we demonstrate the contribution from J ν is universal also between M L and
We first consider the running effect on
κ ij defined in eq. (11) which is proportional to
In components, for the first term we have
where we have used the unitary condition
As we expected J ν has no non-global effects on (n) κ. Now we move to analyze the second term in (10) . The running effect on this term is proportional to
Similarly as before, using the unitary condition, we obtain in components
which coincides with the starting observable,
In the previous expression, the meaning of the apex (n) is understood. A similar result is valid for the symmetrization part. Then we conclude that m ν does not change the flavour structure under J ν if Y ν is proportional to a unitary matrix. This result in completely general and holds in any basis, not only in the hatted one. In this case, the only flavour-dependent RG contribution to m ν is encoded in J e .
The general caseŶ
Now, we consider a class of constraints on Y ν weaker than the previous one but still very interesting for models based on flavour symmetries. We simply assume that at high energy m ν can exactly be diagonalized by U 0 and U 0 is a mass-independent mixing pattern. The TB mixing pattern, independently from what is the underling flavour symmetry, is one of the examples of this class of models. Other examples are given by flavour symmetries which give rise, at leading order, to the Bi-maximal mixing pattern [15] , to the golden ratio mixing [20] and some (but not all) cases of the trimaximal mixing [21] .
In the base where the RH Majorana mass M R is diagonal eq. (30) can be written aŝ
Defining X = −iŶ ν U 0 and supposing that the masses are not degenerate, the solution to the previous equation is given by [22, 23] 
From this we immediately obtain the constraint (31). Observe thatŶ ν becomes unitary if
However, the present case is not strictly a generalization of the previous one since a unitary Y ν does not necessarily imply a mass-independent mixing pattern. For energy larger than M L the neutrino mass matrix is fully given by seesaw formula (10) . The initial condition for m ν is given by
In the hatted basis J ν is proportional tô
Since U 0 is a mass-independent mixing matrix, we should expect that the effect of J ν is only to change slightly the mass eigenvalues m i but not the mixing angles. In fact, the running effect from J ν is then proportional to
which has exactly the same flavour structure of m ν(Λ) . Now we can move to the energy range between M L and M S in which the seesaw formula is only partial as given in eq. (10) . We can exactly proceed in the same way as the previous case considering first the running effect from J ν on (n) κ in the hatted basis:
Explicitly we have
where we have used the unitary condition for U 0 . As a result, this contribution is only global. Now we move to analyze the second term in (10) . Observing that in the hatted basis we can write
using the unitary condition for U 0 , we obtain
and the same for the symmetrization part. As we can see, this term also is a global contribution. Similarly as in the energy range higher than M L , also here, the form of m ν remains invariant and only some of m i are slightly shifted. These shifts can be resorbed by redefinition of m i and do not change anyway the mixing angles which are contained in U 0 and independent from mass eigenvalues.
Then we arrive to a very general conclusion, in any flavour symmetries with a massindependent mixing pattern, the running effects from J ν correct only the neutrino mass eigenvalues but not the mixing angles. As in the previous class of models the only flavourdependent RG contribution to m ν is encoded in J e .
A special case U
In this section we consider a special case ofŶ ν = iD U † 0 in which the expression of U 0 is enforced by a flavour symmetry based on A 4 group. The main feature of this model will be presented in the next section together with a more detailed analysis of the running effects. Here we need only the constraint on the mixing matrix U 0 = iU TB P * and the neutrino Yukawa coupling in the hatted basis:
where y is a positive parameter of order O(1), P is a diagonal matrix of phases which corresponds to the Majorana phases and can be written as
and O 23 is defined as
In order to confront (37) with the general expressionŶ ν = iD U † 0 we observe that
Then we conclude that (37) corresponds to the special case in which D = diag(y, y, −y). Furthermore, in the A 4 model considered in this paper, there is a very simple relation between m i and M i given by m i = v 2 y 2 /2M i . Now we explicitly calculate the RG running from Λ f down to λ for this special case using the approximate analytical expressions given in section 2.1. In the physical basis, the light neutrino mass matrix from eq. (3) at the initial energy scale Λ f can be recovered by imposing the condition in eq. (34):
It is obvious now the meaning of the matrix P as the matrix of the Majorana phases of the light neutrinos. It is necessary to specify the kind of neutrino mass spectrum: in the Normal Hierarchy (NH) case the light neutrinos are ordered as m 1 < m 2 < m 3 and the heavy ones as M 3 < M 2 < M 1 ; while in the Inverse Hierarchy (IH) case they are arranged as m 3 < m 1 m 2 and
The general result of the running effects on m ν is given by eq. (22) which in our case becomes
The analytical result for both I U and ∆m (Je) ν (see section 2.1) does not depend on the type of the neutrino spectrum, it is sufficient to identify M S , M M , M L with the correct hierarchy between M 1 , M 2 , M 3 . In particular, for the TB mixing pattern, the contribution from J e is given by
Naturally, the contribution from J ν depends on the type of the neutrino spectrum, however it can be written in the same form for both the spectra:
wherem ′ i are redefinitions of the light neutrino masses:
IH case:m
Comparing m T B ν of eq. (39) with the perturbations ∆m ν of eqs. (42), we note the presence of the same flavour structure for several matrices and in particular, by redefining m i to absorb the termsm ′ i it is possible to account for the seesaw contributions from the RG running into m T B ν . As a consequence the LO predictions for the TB angles receive corrections only from the terms proportional to ∆ τ . This result explicitly confirms what we outlined in the previous section.
RGE effects in the charged lepton sector
The presence of a term proportional toŶ † νŶ ν in the RG equation for Y e can switch on off-diagonal entries in the charged lepton Yukawa matrix Y e . When rotated away, this additional contribution introduces a non-trivial U e and consequently corrects the lepton mixing matrix U P M N S . For a unitaryŶ ν , this correction appears only between the seesaw mass scales while, in the general case discussed in section 3.1.2 , it appears already from the cutoff Λ f .
In close analogy with the running effects on neutrino mass matrix (40), the full result of the running for charged lepton mass matrix can conventionally be written as
where I e is an irrelevant global coefficient which can be absorbed by, for example, y τ . Now we move to the case of TB mixing pattern. In this case, the flavour-dependent corrections can be explicitly calculated:
NH case: 
where the coefficients are
and
Here we observe that the off-diagonal contributions to Y † e Y e are encoded in a e , b e , a ′ e and b ′ e which depend only on the seesaw scales M i . As a result, as we will show in the next section, c e and c ′ e do not affect the lepton mixing angles.
Full RGE effects on the TB mixing pattern
In this section, we combine various contributions discussed in previous sections into the observable matrix U P M N S from which we extract angles and phases at low energy. Since we are interested in physical quantities, we eliminate one of the phases of P defined in (38) and in particular we express each result in function of α ij ≡ (α i − α j )/2, removing α 3 . The corrected mixing angles can be written as
where θ
′ e for IH
and the dots stand for sub-leading corrections. In the previous expressions we can clearly distinguish the contributions coming from the diagonalization of the corrected TB neutrino mass matrix (40) and those from the diagonalization of (47). As it is clear from (50), the corrections to the TB mixing from the charged lepton sector is important only for hierarchical RH neutrinos and will approach to zero as soon as the spectrum becomes degenerate. On the other hand, the corrections from the neutrino sector should be enhanced if the light neutrinos are quasi-degenerate and if the tan β is large, in the MSSM case. The physical Majorana phases are also corrected due to the RG running and we found the following results:
where α ij are the starting values at Λ f and
At Λ f , sin θ T B
13 is vanishing and as a result the Dirac CP-violating phase is undetermined. An alternative is to study the Jarlskog invariants [24] which are well-defined at each energy scale:
where i, j ∈ {1, 2, 3} and i = j. At Λ f , J CP is vanishing, while after the RG running it is given by
Two comments are worth. First of all, in the expression for k 13 , it is easy to recover the resulting expression for J CP as the first term under the square root, a part global coefficients. This means that the RG procedure introduce a mixing between the expression of the reactor angle and of the Dirac CP-phase. Moreover we can recover the value of the Dirac CP-phase directly from eq. (56) and we get the following expression: In the neutrino sector, the RG contributions from the See-Saw terms are present only in the resulting mass eigenvalues:
where m i are the starting values at Λ f and δm i , in both the SM and the MSSM and in both the NH and IH spectra, are given by
with m 
The Altarelli-Feruglio (AF) model
We recall here the main features of the AF model [8] , which is based on the flavour group G f = A 4 × Z 3 × U(1) F N : the spontaneous breaking of A 4 is responsible for the TB mixing; the cyclic symmetry Z 3 prevents the appearance of dangerous couplings and helps keeping separated the charged lepton sector and the neutrino one; the U(1) F N [25] provides a natural hierarchy among the charged lepton masses. A 4 is the group of the even permutations of 4 objects and it has been largely studied in literature [10, 11] : it has 12 elements and 4 inequivalent irreducible representations, three singlets 1, 1 ′ , 1 ′′ , and a triplet 3. We refer to [8] for group details and recall here only the multiplication rules:
The TB mixing is achieved through a well-defined symmetry breaking mechanism: A 4 is spontaneously broken down to G ν = Z 2 in the neutrino sector and to a different subgroup G ℓ = Z 3 in the charged lepton one. This breaking chain is fundamental in the model, because G ν and G ℓ represent the low-energy flavour structures of neutrinos and charged leptons, respectively. This mechanism is produced by a set of scalar fields, the flavons, which transform only under the flavour group G f . In table 1 The specific breaking patter of the symmetry which leads to the TB scheme for leptons requires that the flavons develop VEVs with a specific alignment:
where c a,b are complex numbers with absolute value of order one, while u and t are the small symmetry breaking parameters of the theory which parametrise the ratio of the VEVs of the flavons over the cutoff Λ f of the theory (they can be taken real through field redefinitions). In [8] it has been shown a natural explanation of this misalignment. Once defined the transformations of all the fields under G f , it is possible to write down the Yukawa interactions: at the LO they read
The notation (. . .), (. . .) ′ and (. . .) ′′ refers to the contractions in 1, 1 ′ and 1 ′′ , respectively. When the flavons develop VEVs in agreement with eq. (61) and after the electroweak symmetry breaking, the LO mass matrix of charged leptons takes the following form:
with y e , y µ and y τ being complex numbers with absolute values of order one. As one can see the relative hierarchy among the charged lepton masses is given by the parameter t: when t ≈ 0.05 (65) then the mass hierarchy is in agreement with the experimental measurements. As we will see in the following sections, the model admits a well defined range for the parameter u which can approximatively be set to 0.003 u 0.05 .
In the neutrino sector, the Dirac and the Majorana mass matrices, at the LO, are given by
where a ≡ 2x a c a u and b ≡ 2x b c b u. The complex symmetric matrix M R is diagonalised by the transformationM
whereM R is a diagonal matrix with real and positive entries, given bŷ
while the unitary matrix U R can be written as,
where P is the diagonal matrix of the Majorana phases already defined in eq. (38), with
After the electroweak symmetry breaking, the mass matrix for the light neutrinos is recovered from the well known type I seesaw formula
where the last passage is possible considering that M −1
3 ) and as a result the light neutrino mass matrix can be diagonalised bym
where U ν = iU * R = iU T B P * and the diagonal matrixm ν has real and positive entries written as
When the SUSY context is considered G f accounts for an additional term, a continuous R symmetry U(1) R which simplifies the constructions of the scalar potential: under this symmetry, the matter superfields are single-valued, while the scalar ones are neutral. It is easy to extend eqs. (62, 63) 
The light neutrino mass spectrum
Following [14, 19] , we summarize the results for the light neutrino mass spectrum, which will be useful to discuss the effects of the running on the low-energy observables. We note that the following analysis is valid in the SM as well as in the MSSM. The light neutrino masses are directly linked to the heavy neutrino masses through eq. (73) and they can be expressed in terms of only three independent parameters. It is possible to choose these parameters in order to simply the analysis: |a| = |M 2 | = v 2 |y| 2 /(2|m 2 |) (in the MSSM we replace v with v u ), ρ and ∆, where ρ and ∆ are defined as
where ∆ is defined in the range [0, 2π] . From the experimental side only the squared mass differences have been measured: for the NH (IH) they are [5] 
As a result the spectrum is not fully determined and indeed ∆ is still a free parameter. We can bound this parameter, requiring | cos ∆| ≤ 1. In order to get analytical relations for ρ and cos ∆, we calculate the following mass ratios:
It is then easy to express ρ and cos ∆ as a function of the neutrino masses: 
It is interesting to note that this expression holds for both the types of spectra. Using eqs. (76) 
For the NH, m 1 spans in a narrow range of values, which corresponds to values of ∆ close to zero. On the other hand, for the IH, m 3 is bounded only from below and the minimum is achieved when ∆ is close to ±π. Furthermore, cos ∆ is restricted only to negative values (see [14, 19] for further details). From eq. (73) it is possible to describe the LO spectrum of the RH neutrinos in function of a unique single parameter, which is the lightest LH neutrino mass. In all the allowed range for m 1(3) , the order of magnitude of the RH neutrino masses is 10 14÷15 GeV. In fig.  (1) we show explicitly the ratios of the RH neutrino masses for NH and the IH cases, on the left and on the right respectively. The ratios are well defined for the NH, thanks to the narrow allowed range for m 1 : M 1 /M 3 ∼ 11 and M 2 /M 3 ∼ 5. In the case of the IH, the ratio M 1 /M 2 is fixed at 1 while M 3 /M 2 varies from about 3 to 1, going from the lower bound of m 3 up to the KATRIN sensitivity.
These results are valid only at LO and some deviations are expected with the introduction of the higher order terms, that is illustrated in the following section. The result of a direct computation shows that for the NH spectrum the corrections leave approximatively unaffected eqs. (79); this is true for the IH case too, apart when the neutrino masses reach values at about 0.1 eV for which the deviations become significant.
We only commented on the neutrino masses, both light and heavy, and we saw that it is possible to express all of them in function of the lightest LH neutrino mass. The same is true for the phases too: since in the TB mixing the reactor angle is vanishing, the Dirac CP phase is undetermined at LO; on the contrary the Majorana phases are well defined and they can be expressed through ρ and ∆. Since we are interested in physical observables, we report only phases differences, α ij ≡ (α i − α j )/2:
It will be useful for the following discussion to show also sin(2α 12 ), which enters in the RG evolution of the physical Majorana phases:
The next-to-leading order (NLO) contributions
Another important implication of the spontaneously broken flavour symmetry is that the leading order predictions are always subjected to corrections due to higher-dimensional operators. The latter are suppressed by additional powers of the cutoff Λ f and can be organized in a suitable double power expansion in u and t.
At the NLO there are may additional terms which can be added in the Lagrangian. Since ϕ T is the only scalar field which is neutral under the abelian part of the flavour symmetry, all the NLO terms contain the terms already present in the LO Lagrangian multiplied by an additional ϕ T /Λ f . In addition to these terms, there are also corrections to the leading vacuum alignment in eq. (61):
where c i are complex numbers with absolute value of order one. Note that in the MSSM, the model predicts c 2 = c 3 . Here we will not perform a detailed analysis for NLO operators and the origin of (82), see [8, 19] for a relative study. As a result, all the quantities relevant in this paper receive a NLO correction at the O(u) level:
These corrections should modify the resulting m ν and the mixing angles in addition to the RG contributions. It is not difficult to see that deviations from TB induced only by NLO corrections are also of the same level [8, 19] :
Since the solar mixing angle is, at present, the most precisely known, we require that its value remains at 3σ range [5] . This requirement results in an upper bound on u of about 0.05. On the other hand we have from eq. (64) the following relation:
where for the τ lepton we have used its pole mass m τ = (1776.84 ± 0.17) MeV [18] .
Requesting |y τ | < 3 we find a lower limit for u of about 0.003 in the SM case; in the MSSM, the same requirements provides a lower bound close to the upper bound 0.05 for tan β = 15, whereas for tan β = 2 it is u > 0.007. From now on, we will choose the maximal range of u as 0.003 < u < 0.05
for the SM context, while for the MSSM one we take 0.007 < u < 0.05 ,
which shrinks when tan β is increased from 2 to 15. The NLO terms affect also the previous results for the Dirac and the Majorana phases. All the new parameters which perturb the LO results are complex and therefore they introduce corrections to the phases of the PMNS matrix. Due to the large amount of such a parameters, we expect large deviations from the LO values.
RG effects in the Altarelli-Feruglio model
In this section we will apply the analysis of RG running effects on the lepton mixing angles to the AF model. In order to perform such a study, it is important to verify the initial assumptions made in section 3.3, in particular, we see that eq. (37) exactly corresponds to the one implied by the AF model, when moving to the physical basis. On the other side, the presence of flavon fields has a relevant impact on the results of the analysis. In the unbroken phase, flavons are active fields and should modify the RG equations. Although the study of the relevant Feynman diagrams goes beyond the aim of this work, what follows can be easily proved. Since the only source of the A 4 breaking is the VEVs of the flavons, any flavour structure is preserved above the corresponding energy scale, whatever interactions are present. In particular, the lagrangian (62, 63) contains all possible LO terms, given the group assignments, and its invariance under A 4 is maintained moving downward to the scale ϕ , where significant changes in the flavour structure can appear. From eqs. (67) and (69), we deduce that ϕ ∼ M i and as a result in the AF model ∆ τ must be proportional to ln( ϕ /λ) and not to ln(Λ f /λ).
We will separately discuss the evolution of angles and phases for both type of hierarchy. In the following, the results will be shown for the SM and for the MSSM with tan β = 15 apart where explicitly indicated otherwise. Without loss of generality, we choose y = 1 for our numerical analysis. We also set ϕ = 10
15 . The spectrum spans the range obtained in (79).
Running of the angles
Since we are interested in deviations of the corrected mixing angles from the TB predictions and in confronting them with experimental values, it is convenient to relate the coefficients k ij defined in section (3.3) with physical observables. Keeping in mind that |k ij | ≪ 1 and that we start from a TB mixing matrix, it follows that sin θ 13 ≃ k 13 , cos 2θ 23 ≃ 2k 23 , sin
The corrections to the TB mixing angles as functions of m 1 (m 3 ) in the NH (IH) case are shown in figure 2.
We begin with the case of NH. Since the dependence of the corrected mixing angles from ∆ τ is the same, SM corrections are generally expected to be smaller than those in MSSM. However, from figure 2 we see that, in NH, there is not a large split between the two curves for SM and MSSM respectively. This fact suggests a dominant contribution coming from the charged lepton sector. For the atmospheric and reactor angles, the deviation from the TB prediction lays roughly one order of magnitude below the 1σ limit. In particular, RG effects on sin θ 13 are even smaller than the NLO contributions analyzed in section 4.2 which are of O(u), without cancellations. On the other hand, since the experimental value of the solar angle is better measured than the other two, the running effects become more important in this case. Indeed, RG correction to the TB solar angle evades the 1σ limit as it can be clearly seen in figure 2 . Anyway, we observe that for both the atmospheric and solar angles, the running contribution is of the same order as the contribution from NLO operators.
Now we move to analyze the case of IH. In this case, since the neutrino spectrum predicted by the AF model is almost degenerate, the contribution from the charged lepton sector in eqs. (49) is subdominant. As a consequence the information which distinguishes the SM case from the MSSM one is mainly dictated by ∆ τ defined in eq. (25) . As a result the running effects in the MSSM are always larger than in the SM and for large tan β they are potentially dangerous. The curves corresponding to the atmospheric and reactor angles do not go above the 3σ and 1σ windows respectively. However, the deviation from θ
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presents a more interesting situation. For example, for tan β 10, the RG effects push the value of the solar angle beyond the 3σ limit for entire spectrum. For lower values of tan β, the model is within the 3σ limit only for a part of the spectrum where the neutrinos are less degenerate. Confronting with the running effects, in the IH case, the contribution from NLO operators in the AF model is under control.
Running of the phases
Majorana phases are affected by RG running effects too. Since there is not experimental information on Majorana phases available in this moment we will simply show their values at low energy, eventually comparing them with the prediction in the AF model. We stress again that they are completely determined by only one parameter, the mass of the lightest neutrino, m 1 for NH and m 3 for IH. In the case of NH, Majorana phases are essentially not corrected by RG effects. This feature is due to the fact that δα 13 and δα 23 of eqs. (53, 54) are proportional to sin(α 13 −α 23 ) which is close to zero, as we can see looking at the left panel of figure 3 . In the case of IH, MSSM RG effects always increase the values of phases when moving from high energy to low energy and they are maximized for tan β = 15, especially when the neutrino spectrum becomes degenerate. On the contrary, in the SM context, the low energy curves cannot be distinguished from the high energy ones.
As described in section (3.3), a definite Dirac CP violating phase δ CP arises from running effects even if, in the presence of a TB mixing pattern, it is undetermined in the beginning. Although the final Dirac phase can be large, Jarlskog invariant, which measures an observable CP violation, remains small because of the smallness of θ 13 . We remember that these results are valid both for the SM and for MSSM. 
Conclusions and outlook
The flavour sector is poorly known within the SM or the MSSM and the masses and mixings are considered as free parameters that can be adjusted to agree with experiments. This lack can be improved by adding to the SM or the MSSM gauge group appropriate flavour symmetries such that Yukawa couplings can be understood in a more fundamental way. Even though the mechanism that generates the fermion masses is not yet completely understood, a great effort has been made in the last years, especially after the discovery of neutrino masses which are significantly smaller than those of charged fermions. Furthermore, the leptonic mixing pattern is also very different from V CKM because it contains a nearly maximal atmospheric angle θ 23 and a solar angle very approximate to the TB prediction. The flavour structure of the neutrino mass matrix can be nicely explained by (type I) seesaw mechanism implemented with flavour symmetries. In order to naturally describe lepton masses and mixings, however, the flavour group must be (spontaneously) broken. Then we can expect that the LO prediction of a flavour symmetry is always subject by subleading corrections characterized by small symmetry breaking parameters (t and u in our case). Then, in a consistent flavour model building, these subleading corrections must be safely under control.
In any flavour model, there is also an other independent correction to the LO predictions which is due to the RG evolution of parameters. In this paper we have studied these running effects on neutrino mixing patterns. In seesaw models, the running contribution from the neutrino Yukawa coupling Y ν , encoded in J ν , is generally dominant at energy above the seesaw threshold. However, this effect, which in general introduces appreciable deviations from the LO mixing patterns, does not affect the mixing angles, under specific conditions: in the first part of the paper, we have analyzed two classes of models in which this indeed happens. The first class is characterized by a unitary Y ν . It is the case, for example, when the RH singlet neutrinos or the charged leptons being in a irreducible representation of the flavour group. The second class is the so called mass-independent mixing pattern, in which, in particular, the effect of J ν can be absorbed by a small shift on neutrino mass eigenvalues leaving mixing angles unchanged. The widely studied TB mixing pattern belongs, for example, to this second class of models.
In the second part of the paper, we focused on a special realization of the general class of flavour models studied in the first part. We were interested in the AF model for TB mixing where the flavour symmetry group is given by A 4 × Z 3 × U(1) FN . The aim is to analyze the RG effects on the TB mixing pattern in addition to the NLO corrections already present in this model and to confront them with experimental values. The analysis has been performed both in the SM and MSSM and for both neutrino spectra. We found that for NH light neutrinos, the dominant running contribution comes from the charged lepton sector which weakly depends on both tan β and mass degeneracy. As a result, for this type of spectrum, the tribimaximal prediction is stable under RG evolution. Moreover, the running contribution is of the same order or smaller with respect to the contribution from NLO operators. On the other hand, in the case of IH, the deviation of the solar angle from its TB value can be larger than the NLO contribution and, in particular, for tan β 10 an IH spectrum is strongly disfavored. In the end, observe that for both spectra, the reactor angle θ 13 does not receive appreciable deviations from zero (at a level u).
The effects of RG running can be manifested also in other phenomena which are not directly related to the neutrino properties, such as Lepton Flavour Violating (LFV) transitions, leptogenesis, etc. For example, in [19, 22, 23, 26] , it has been pointed out that, in the limit of an exact A 4 symmetry, all CP violating asymmetries vanish. Then when the flavour symmetry is spontaneously broken, NLO corrections become important in generating the desired leptogenesis. On the other hand, also the RG evolution can introduce symmetry breaking effects which can be in principle dominant over NLO contributions. As a result, the estimate of generated leptogenesis can be quite different from those obtained in [19, 22, 23, 26] since they do not take into account the RG effects. Another important consequence of RG running is the generation of off diagonal terms in the soft SUSY breaking mass matrices, contributing to LFV rare processes. In a series of papers [27] [28] [29] it has been studied the impact of using flavour symmetries in order to explain the measured bounds on rare decays. In [27] it has already been shown that, below the seesaw scales, the running effect is negligible with respect to that originated in the corresponding flavour theory. However between the seesaw scales the threshold effects are important and the two contributions to LFVs can be comparable. All these issues are very interesting and are subject for a further investigation.
